The Novikov complex of a circle-valued Morse function f : M → S 1 is constructed algebraically from the Morse-Smale complex of the restriction of the real-valued Morse function f : M → R to a fundamental domain of the pullback infinite cyclic cover M = f * R of M.
Introduction
The relationship between real-valued Morse functions and chain complexes is well understood. The Morse-Smale complex of a Morse function f : M → R on a compact m-dimensional manifold M is defined using a choice of gradientlike vector field v satisfying the transversality condition, to be a based f. g. free Z[π 1 (M)]-module chain complex C MS (M, f, v) Pajitnov [P2,P3,P4] constructed for any Morse function f : M → S 1 a C 0 -dense subspace GCCT (f ) ⊂ GT (f ), such that for v ∈ GCCT (f ) the coefficients in the corresponding Novikov complex C Nov (M, f, v) are rational, in the sense that C Nov (M, f, v) ] C P aj (M, f, v) for a based f. g. free Σ −1 Z[π 1 (M)]-module chain complex C P aj (M, f, v) , with a chain equivalence C P aj (M, f, v) C( M; Σ −1 Z[π 1 (M)]). (Strictly speaking, C P aj (M, f, v) was only defined for abelian π 1 (M), when the natural ring morphism Σ −1 Z[π 1 (M)] → Z[π 1 (M)] is injective, but this was for algebraic convenience rather than out of geometric necessity.)
For a Morse function f : M → S 1 which is transverse regular at 0 ∈ S 1 the lift f : M → R is transverse regular at Z ⊂ R, and the restriction to a fundamental domain is a Morse function f N [FR] defined algebraically a based f. g. free Σ −1 Z[π 1 (M)]-module chain complex C F R (M, f, v, h) such that rank Σ −1 Z[π 1 (M)] C F R i (M, f, v, h) = c i (f ) as a deformation of the Σ −1 Z[π 1 (M)]-coefficient Morse-Smale complex MS (M N , f N , v N ) with a chain equivalence C F R (M, f, v, h) Σ −1 Z[π 1 (M)] ⊗ Z[π 1 (M)] C( M) . There is also a Z[π 1 (M)]-coefficient version C F R (M, f, v, h C F R (M, f, v, h) .
Cokernel Theorem 6.6. The chain complex of [FR] is isomorphic to the cokernel of the morphism of based f.g. free Σ −1 Z[π 1 (M)]-module chain complexes φ = g − zh : Σ −1 C ( N) 
which is a split injection in each degree, C F R (M, f, v, h) ∼ = coker(φ) . ✷
The expression C F R (M, f, v, h) as a cokernel makes it possible to prove invariance results such as : Invariance Theorem 6.7. Let f : M → S 1 be a Morse function, and let v ∈ GT (f ). For any regular values 0, 0 ∈ S 1 , CW structures on N = f −1 (0), N = f −1 (0 ) and chain approximations h : αC( N) → C( M N ), h : αC( N ) → C( M N ) there is defined a simple isomorphism of based f. g. free Σ −1 Z[π 1 (M)]module chain complexes C F R (M, f, v, h ) ∼ = C F R (M, f, v, h ) . ✷
Here, simple means that the torsion of the isomorphism is in the image of
Given f : M → S 1 , v ∈ GT (f ) and a CW structure on N = f −1 (0) ⊂ M we shall say that a chain approximation h gra : αC( N) → C( M N ) is gradientlike if it counts the v-gradient flow lines in the universal cover M. (The precise definition is given in 6.8).
Isomorphism Theorem 6.10. For v ∈ GT (f ) with a gradient-like chain approximation h gra there are basis-preserving isomorphisms C Nov (M, f, v) F R (M, f, v, h gra ; Z[π 1 (M)]) and C P aj (M, f, v ) ∼ = C F R (M, f, v, h gra ). ✷ Pajitnov [P3] (Theorem 7.2) showed that every v ∈ GT (f ) is C 0 -close to v gra ∈ GCCT (f ) with a gradient-like chain approximation h gra : C( N) → C( M N ). A similar construction was obtained by Hutchings and Lee [HL] . In fact, Cornea and Ranicki [CR] prove that every v ∈ GT (f ) admits a gradientlike chain approximation h gra .
The plan of the paper is as follows. Section 1 is purely algebraic in nature, concerning the chain homotopy properties of the algebraic mapping cones and cokernels of chain maps. The glueing properties of the Morse-Smale complex C MS (M, f, v) are described in Sect. 2 for finite unions, and in Sect. 3 for infinite unions. Section 4 gives a brief account of the Cohn localization. Section 5 deals with the cokernel and infinite union construction of chain complexes over a twisted polynomial extension A α [z, z −1 ] for any ring A with automorphism α : A → A, the localization Σ −1 A α [z, z −1 ] and the Novikov ring
The Cokernel, Invariance and Isomorphism Theorems are proved in Sect. 6.
The remainder of the Introduction is an outline of the proof of the Cokernel, Invariance and Isomorphism Theorems in the special case when f * :
where n(p, z j q) is the algebraic number of v-gradient flow lines in M from a critical point p ∈ M of index i to a critical point q ∈ M of index i − 1, using the transversality property of v to ensure that these numbers are finite.
only counts such flow lines with j = k = 0. In order to construct C from F we glue together an infinite number of copies of an 'algebraic fundamental domain' which gives an algebraic picture of the way the v N -flow lines enter M N at z −1 N and either die at a critical point of f N in M N or exit at N .
As above, given an arbitrary CW structure on N = f −1 (0) with c i (N ) i-cells use the handlebody decomposition (N) ,
The chain complex of Farber and Ranicki [FR] was defined to be the based f. g. free Σ −1 Z[z, z −1 ]-module chain complex C F R (M, f, v, h) 
The chain approximation h is an algebraic model for the v-gradient flow across a fundamental domain (M N ; N, z −1 N) of M. The formula for d F is interpreted in Sect. 5 as the generating function for the number of flow lines in M of prescribed length, with h F (h D ) j −1 c counting the flow lines which start in M N and terminate in z j M N , crossing the j walls N, zN, . . . , z j −1 N between the adjacent fundamental domains M N , zM N , . . . , z j 
The algebraic treatment in Sect. 1 of cokernels of chain maps will be used in Sect. 6 to prove that the inclusions
chain complexes (Proposition 5.3), giving the isomorphism of the Invariance Theorem 6.7 C F R (M, f, v, h) F R (M, f, v, h ) in the special case N = N . The general case is proved by an algebraic treatment of handle exchanges (Proposition 5.4).
For a gradient-like chain approximation h gra
for any critical points p, q ∈ M N of f N with index i, i − 1 respectively. It follows that for any −∞ < j < k < ∞ the Morse-Smale complex of the real-valued Morse function f N [j, k] 
Passing to the direct limit as k → ∞ gives the Morse-Smale complex of the proper real-valued Morse function
Passing to the inverse limit as j → −∞ gives the Isomorphism Thseorem 6.10 for the Novikov complex, with a basis-preserving Z((z))-module isomorphism F R M, f, v, h gra ; Z((z) ) .
The geometric differential in C = C Nov (M, f, v) is just the algebraic differential in F = C F R M, f, v, h gra ; Z((z))), with
so that there is also a basis-preserving Σ −1 Z[z, z −1 ]-module isomorphism C P aj (M, f, v) ∼ = C F R (M, f, v, h gra ) . The projection p : C M; Z((z)) = C g − zh gra : D((z)) → E((z)) → coker g − zh gra : D((z)) → E((z)) = C Nov (M, f, v) pieces together v-gradient flow lines in M from their intersections with the translates z j M N ⊂ M (j ∈ Z) of the fundamental domain M N ; p is a chain equivalence with torsion
] under multiplication. The kernel of p corresponds to the closed orbits of the v-gradient flow lines in M, which avoid the critical points of f and so do not contribute to the Novikov complex, and which are counted by the torsion of p.
I am grateful to Andrei Pajitnov for valuable suggestions for improving the preprint version of the paper.
Cones and cokernels
The Novikov complex of a circle-valued Morse function f : M → S 1 will be shown in Sect. 6 to be isomorphic to the cokernel of a chain map constructed from the Morse-Smale complex of a fundamental domain for the infinite cyclic cover M = f * R of M; the algebraic mapping cone of the chain map is a cellular chain complex of M. This section is accordingly devoted to the relationship between the algebraic mapping cone and the cokernel of a chain map. The algebraic mapping cone is a chain homotopy invariant. The cokernel is not a chain homotopy invariant, although it is a homology invariant. The main novelty of this section is the introduction of an equivalence relation on chain maps called 'chain isotopy', which is stronger than chain homotopy, and is such that the cokernels of chain isotopic maps are isomorphic. The chain map with cokernel the Novikov complex depends on a choice of chain map in a chain homotopy class ; a different choice will give a chain isotopic chain map, with isomorphic cokernel.
Let A be a ring. The algebraic mapping cone of an A-module chain map
The natural projections
define a chain map p : C(φ) → coker(φ).
Proposition 1.1. For an injective chain map φ : D → E the natural projection p : C(φ) → coker(φ) induces isomorphisms in homology p * :
Proof. The short exact sequences of A-module chain complexes
induce long exact sequences in homology, which are related by a natural transformation
It now follows from the 5-lemma that the induced morphisms p * are isomorphisms. ✷
As usual, a chain homotopy θ :
Chain homotopic chain maps have isomorphic algebraic mapping cones : In general, the cokernels of chain homotopic chain maps are not isomorphic (or even chain equivalent). The following relation will be convenient in dealing with cokernels of chain maps, in order to avoid this problem. 
Isotopic chain maps have isomorphic cokernels :
and a chain homotopy s : rp p q :
Proof. The isomorphism q is a special case of 1.2. The isomorphism r is given by the morphism of exact sequences
define a chain homotopy s : rp p q in the diagram
is the torsion of the short exact sequence of based f. g. free A-modules
With bases as in (ii) , and the isomorphism given by 1.
The chain map p :
Immediate from the 0-dimensional case, which follows from the sum formula τ (fg) = τ (f ) + τ (g).
(iii) By the chain homotopy invariance of torsion, the sum formula, the identity τ (q) = 0 with q as in 1.5 and (ii)
the algebraic mapping cone of the isomorphism of chain complexes
(c) Immediate from 1.7 (i). (d) Apply 1.7 (ii) , noting that the short exact sequence
Now there is defined an isomorphism of short exact sequences
The chain complex automorphism 1
The Morse-Smale complex C MS (M, f, v)
This section recalls the properties of the Morse-Smale complex C MS 
Proof. See Franks [Fr] . 
there are 4 types of v-gradient flow lines, which we shall call α, β, γ , δ, corresponding to the 4 morphisms
as follows : A crossing chain approximation h : D → E corresponds to the flow lines which start in N , i.e. those of death and survival type. Pajitnov [P4, §4] obtained an analogue of the cellular approximation theorem for the gradient flow : for any Morse function f : M → S 1 with regular value 0 ∈ S 1 it is possible to choose v ∈ GT (f ) and handlebody structures on N and N such that ( N) .
(See also Hutchings and Lee [HL] ). ✷ We shall now express the Morse-Smale complex C MS 
using choices of CW structures for N, N , N and crossing chain approximations
Terminology 2.5. Write the various chain complexes, birth, death, survival and crossing chain approximations for (f , v ) and (f , v ) as
Define the chain complexes F, E by 
is a crossing chain approximation for (f, v) , with components a death chain map and (N , g, w) , giving choices of 'gradient-like' crossing chain approximations h , h such that the chain homotopy in 2.6 (ii) is
is the identity. (M, f, v) is defined exactly as in the compact case, with
the boundary Z[π 1 (M)]-module morphisms are given by 
a based free Z[π 1 (M)]-module complex with basis the images of the basis ele-
, and may be expressed as The matrix formula for coker(g − h) is a direct application of 1.8
is an automorphism, with inverse
(ii) By construction.
(iii) For k = 1, 2, . . . define the Morse function
and assume inductively that there is given an isomorphism
of the form
Now apply 2.6 (i) to the Morse function
extending I [0, k] to an isomorphism I [0, k + 1] of the same form, and pass to the direct limit to obtain an isomorphism
of the form I = 1 + j <j b [j , j] . ✷
The Cohn noncommutative localization
We refer to Cohn [C] and Schofield [Scho] for general accounts of the localization Σ −1 R of a ring R inverting a set Σ of square matrices. The natural morphism R → Σ −1 R has the universal property that a morphism of rings R → A which sends Σ to invertible matrices in A has a unique factorization
The Gerasimov-Malcolmson normal form expresses every morphism of f. g. free 
In the application of Cohn localization in Sect. 5 below
Polynomial extensions
The relationship between the algebraic mapping cone and cokernel worked out in Sect. 1 will now be applied to the algebraic situation arising from a circle-valued Morse function f : M → S 1 with v ∈ GT (f ). The actual application to the Novikov complex C Nov (M, f, v) will be carried out in Sect. 6.
Definition 5.1. Let A be a ring with an automorphism α : A → A, and let z be an indeterminate over A such that az = zα(a) (a ∈ A) .
is the ring of polynomials ∞ j =−∞ a j z j (a j ∈ A) such that {j ∈ Z | a j = 0} is finite.
is the ring of formal power series
Given an A-module B and j ∈ Z let z j B be the A-module with elements z j x  (x ∈ B) and a(z j x) = z j α j (a)x , z j x + z j x = z j (x + x ) (a ∈ A, x, x ∈ B) .
The induced A α [z, z −1 ]-module is then given by
For any A-module C and k ∈ Z the A-module morphisms z j B → z k C are given by
with θ : B → C a morphism of the additive groups such that C (a ∈ A, x ∈ B) .
We shall write z −1 B as αB.
For a f. g. free A-module B and any A-module C every
Let D, E be f. g. free A-module chain complexes, and let g :
Given bases for D, F let E have the corresponding basis.
is an embedding, the natural projection p :
-module chain complex given by
If C is given the basis determined by the bases of D, F and the isomorphism
with structure maps the natural projections F (k − 1) .
The short exact sequence of inverse systems of A-module chain complexes
induces a short exact sequence of the inverse limit A α ((z))-module chain complexes
As in 1.8 (ii) 
are such that
has augmentation an A-module automorphism (1
module automorphism by 4.1, and ψ defines a chain isotopy ψ : φ ∼ φ :
as in 1.5, with q simple. By 1.8 (ii) and (i)
is of the type considered in 1.8, with the components of
given by
and the chain complex F (k) defined by
determines an exact sequence of the inverse and derived limits
Since the structure maps D(k) → D(k − 1) are onto the derived limit is lim ← − k 1 D(k) = 0, and the inverse limits actually fit into a short exact sequence
as required, with φ = g−zh. Alternatively, identify coker(φ) = F by a direct application of 1.8 (i). ✷
The following result on algebraic handle exchanges will be required in Sect. 6.
Proposition 5.4. Let D, D , E + , E − be f.g. free A-module chain complexes, and let
Given bases for D, D , F + , F − there are now defined two collections of data as in 5.3
The cokernels of the corresponding embeddings of the based f.g. free
are related by an isomorphism of the based f.g. free Σ −1 A α [z, z −1 ]-module chain complexes I : coker(φ) ∼ = coker(φ ) which sends basis elements to z δ (basis elements), with δ = 0 or 1.
Proof. Use 5.3 to identify coker(φ) = F , coker(φ ) = F with F , F the based f.g. free Σ −1 A α [z, z −1 ]-module chain complexes defined by
Define an isomorphism I :
The Novikov complexes C Nov (M, f, v), C P aj (M, f, v), C F R (M, f, v, h)
This section starts with a review of the geometric constructions of the Novikov complex C Nov (M, f, v) 
This is followed by a review of the algebraic construction of the chain complex C F R (M, f, v, h) of Farber and Ranicki [FR] . Finally, all this is put together to prove the Cokernel, Invariance and Isomorphism Theorems already stated in the Introduction. In particular, for v ∈ GT (f ) with a gradient-like chain approximation h gra there exist basis-preserving isomorphisms C Nov (M, f, v) ∼ = C F R (M, f, v, h gra ; Z[π 1 (M)]) and C P aj (M, f, v ) ∼ = C F R (M, f, v, h gra (M, f, v) N , z k N) with respect to the projections
Proof. Identify C Nov (M, f, v) 
, v(k)) using the expression of the Novikov ring as the inverse limit
with respect to the natural projections The following terminology will be used in dealing with the cellular chain complexes associated to the fundamental domain (M N ; N, z −1 N) of M. Terminology 6.4. As in 2.3 write 
induce a basis-preserving (and a fortiori simple) isomorphism of based f. g. free Σ −1 Z[π 1 (M)]-module chain complexes F R (M, f, v, h) is a chain equivalence of based f. g. free Σ −1 Z[π 1 (M)]-module chain complexes with torsion
Proof. This is a direct application of 5.3 (i). 
Proof. The case 0 = 0 , N = N is given by 5.3 (ii) . So assume 0 = 0 ∈ S 1 , and let I + , I − ⊂ S 1 be the two arcs joining 0 and 0 . The restrictions of (f, v)
are Morse functions with gradient-like vector fields such that
Use the handlebody structure on (
to extend the CW structure on N (resp. N ) to a CW structure on M + (resp. M − ). The inclusions of CW subcomplexes g + :
Cellular approximations to the inclusions h
A direct application of 5.4 gives a simple isomorphism of based f.g. free Σ −1 Z[π 1 (M)]-module chain complexes C F R (M, f, v, h) = coker(g−zh) ∼ = C F R (M, f, v, h ) = coker(g −zh ) . ✷ Definition 6.8. A crossing chain approximation h :
A gradient-like chain approximation h will be denoted by h gra . ✷ Remark 6.9. (i) Pajitnov [P4] proved that for any Morse function f : M → S 1 and v ∈ GCCT (f ) there exists a handlebody structure on N with a gradient-like
The cellular chain complex of the cover M N of M N induced from the universal
(This is the circle-valued analogue of Remark 2.7). Thus the algebraic mapping cone of the Z[π 1 (M)]- (M, f , v ) and the cokernel of the induced Σ −1 Z[π 1 (M)]-module chain map is coker(Σ −1 φ : F R (M, f, v, h) . The kernel of the projection K = ker(p : Σ −1 C(φ) → coker(Σ −1 φ)) is an algebraic model for the closed orbits of the v-gradient flow. As in 1.8 (i) (c) identify
: (as in 6.9 (iii)). Passing to the inverse limit as k → ∞ gives 
are generalizations of the formulae of Hutchings and Lee [HL] and Pajitnov [P5] , [P6] counting the critical points of f : M → S 1 , the ζ -function of the closed orbits of the gradient flow (corresponding to h gra D ) and the Reidemeister torsion of M. Schütz [Sch1] , [Sch2] extended these formulae to the closed orbits of a generic gradient flow of a closed 1-form using Hochschild homology and a chain equivalence of the type p : C( M; Z[π 1 (M)]) → C Nov (M, f, v) . (ii) See Chapters 10,14,15 of [R] for the splitting theorems for the torsion groups K 1 ( Z[π 1 (M)]), K 1 (Σ −1 Z[π 1 (M)]) in the case α = 1 (which extend to the case of arbitrary α, Pajitnov and Ranicki [PR] ) and for the expressions of the torsions τ (1−zh D ) in terms of (noncommutative) characteristic polynomials. For any ring A the classical Bass-Heller-Swan splitting K 1 (A[z, z −1 ]) = K 1 (A) ⊕ K 0 (A) ⊕ Nil 0 (A) ⊕ Nil 0 (A) generalizes to splittings K 1 (Σ −1 A[z, z −1 ]) = K 1 (A) ⊕ K 0 (A) ⊕ Nil 0 (A) ⊕ V (A) and K 1 A((z)) = K 1 (A) ⊕ K 0 (A) ⊕ Nil 0 (A) ⊕ V (A) with V (A) ⊆ K 1 A((z) ) the image of the multiplicative group of noncommutative Witt vectors W (A) = 1+zA[[z]], and V (A) ⊆ K 1 (Σ −1 A[z, z −1 ]) the image of the subgroup of the noncommutative rational Witt vectors W (A) ⊆ W (A) generated by 1 + zA [z] . (In [R] it was claimed that the natural surjections W (A) ab → V (A), W (A) ab → V (A) are isomorphisms, but an explicit counterexample was constructed in [PR] ). The torsions of the chain equivalences p, p are such that τ (p) ∈ V (A) ⊆ K 1 (Σ −1 A[z, α]), τ ( p) ∈ V (A) ⊆ K 1 A((z)) respectively, with A = Z[π 1 (M)].
(iii) The natural map Σ −1 A[z, z −1 ] → A((z)) is injective for a commutative ring A, since in this case Σ −1 A[z, z −1 ] is just the localization of A[z, z −1 ] inverting all the elements of type 1 + az ∈ A[z, z −1 ] (a ∈ A). Sheiham [Sh] has constructed an example of a noncommutative ring A such that Σ −1 A[z, z −1 ] → A((z)) is not injective. (iv) Farber [F] extended the construction of Farber and Ranicki [FR] to obtain an algebraic Novikov complex for a closed 1-form, but did not relate it to the geometric Novikov complex. ✷
